Discuss this article
v1

Introduction
Current biomedical research is experiencing a large boost in the amount of data generated. In particular, investigations involve human cohorts comprising hundreds of thousands of participants as part of nation-wide biobanking initiatives; furthermore, by using both arrays that include hundreds of thousands of single nucleotide polymorphisms (SNPs), and more recently, exome and whole-genome re-sequencing, the genomes of these participants are being characterized at an increasing level of detail, bringing the number of features assessed to tens of millions. At the same time, technologies for high-throughput assessment of different molecular "omics" phenotypes in large study cohorts are becoming more and more affordable. These molecular phenotypes characterize different classes and sub-classes of biological molecules, their functional modifications and relationships. Examples include hundreds of thousands of epigenetic modifications (epigenome 1 ), levels of tens of thousands of transcripts (transcriptome 2, 3 ), metabolites (metabonome or metabolome 4, 5 ), glycans (glyco(protein)ome 6,7 ), and proteins (proteome 8 ). The evolution of current molecular techniques expands our capacity to access different components in the omics space, and new prominent omics emerge (e.g. cellomics, interactomics, activomics). The study of the genetic control of different omics brings the promise of new fundamental and applied biological discoveries; however, such analyses pose "big data" challenges.
Genome-Wide Association Studies (GWAS) is an established tool for analyzing the genetic control of complex traits 9 . In GWAS, the association between millions of genetic markers (usually SNPs) and phenotype(s) of interest is studied, with significant associations highlighting the genomic regions harboring the functional variants involved in the control of the trait. While initially GWAS were mostly used to study common diseases, with the rising availability and affordability of omics phenotypes, this methodology is now also applied to investigate the omics space 6, 7, [10] [11] [12] [13] , providing important insights into both the mechanisms underlying the genetic regulation of particular biological systems, and the determinants of human health and disease [14] [15] [16] .
In this work, we address the computational challenges posed by big-data GWAS. These challenges arise when size of sample under analysis is very large or when (potentially hundreds of) thousands of omics phenotypes are studied. We consider analyses facilitated by the use of linear mixed models (LMMs) 17, 18 , which allow for modeling of correlations between phenotypes of relatives. The LMMs are among the most flexible and powerful methods to account for the genetic (sub)structure that inevitably occurs even in carefully designed large population-based studies. However, the increase in power and precision achieved through the use of mixed models comes with considerable costs in terms of computing time.
Recent advances in GWAS using mixed models [19] [20] [21] [22] [23] [24] [25] represent a breakthrough compared to older methods, and allow analyses of a limited number of traits in reasonably sized samples even on personal computers. Still, current algorithms and software may be prohibitively expensive for analysis of large samples when dealing with omics data, since the time needed for a multi-trait analysis is essentially that of a one-trait study multiplied by the number of traits. Under this scenario, the analysis of even relatively small samples sizes leads to extremely long wait times. Therefore at the moment, the LMM-based GWAS analysis of large cohorts (tens to hundreds of thousands of participants), and even small (thousands of participants) studies involving omics measurements, represents a considerable problem. This limitation compromises the analyses availability, the data-to-knowledge turnaround time, and leads to excessive energy spending.
With this work, we aimed to address the aforementioned problems for big-data LMM-based GWAS. To do so, we took advantage of properties specific to the LMM formulation of GWAS, and analyzed a number of possible algorithms applicable to the analysis of large data. By combining sophisticated linear algebra and optimization techniques, we produced a fast and scalable software. Our software facilitates GWAS of tens of thousands of samples and hundreds of thousands of omics phenotypes, without the need for super-computing facilities.
Methods
Linear Mixed Models for GWAS
In a nutshell, LMM models the phenotypes of a group of n studied individuals as a point in an n-dimensional space, which comes from a multivariate Normal distribution. The expected mean is modeled using a standard regression model as E[Y] = Xβ, where X is the design matrix which includes the genotypes of interest and other covariates, and β are fixed effects. The variance-covariance matrix is defined as M = σ 2 · (h 2 Φ + (1 − h 2 )I); here, σ 2 is the total variance of the trait, h 2 is the heritability coefficient, I is the identity matrix, and Φ is the matrix containing the relationship coefficients for all pairs of studied individuals. GWAS are performed by consecutively including SNPs in the analysis model (usually one SNP at a time) and computing the association statistics for the included SNP, thus iteratively applying the model throughout the genome.
The statistical model considered in this work is the same as that outlined in previous works [19] [20] [21] , and proceeds with analysis in two steps: for each trait considered, we first estimate the matrix of (co)variances between phenotypes, and then we use it when estimating the SNP effects (see Supplementary Note S1 for mathematical details). Figure 1 illustrates how a multi-trait analysis consists of a series of t separate single-trait analyses, each of which, in turn, consists of a series of m Generalized Least-Squares (GLS) problems. The key to fast analysis algorithms is the realization that such problems are correlated, both along the m and the t direction; in big-data GWAS, any approach that ignores such correlations cannot be feasible in terms of time-to-solution.
Efficient algorithms for single-trait and multi-trait GWAS Aiming at supporting computational scientists in the design of efficient software, two of the authors recently developed CLAK, an algebraic system that replicates the reasoning of human experts for the automatic discovery of linear algebra solvers 26 . The core idea is to first decompose a target matrix-based problem in terms of library-supported kernels, and then apply algorithmic and algebraic optimizations. Since the decomposition is not unique, CLAK returns not one but a family of possible solutions, all mathematically equivalent, but exhibiting different space and time complexity.
With the help of CLAK, we generated many solutions to perform the aforementioned GWAS analyses (for a representative list, see Table S2 ). Each solution was subjected to the analysis of its computational complexity, expressing the cost in terms of the number of samples, markers, and traits in question. Interestingly, depending on the number of traits, the best theoretical performance was attained by two different solutions, which we named CLAK-Chol and CLAK-Eig (described in Table S1 ), respectively. Figure 2 shows the surfaces representing the time complexity of CLAKChol and CLAK-Eig as a function of the number of traits and markers analyzed; the solid curve denotes the crossover between the surfaces. When fewer than four traits are considered, CLAKChol attains better theoretical performance; on the contrary, for a higher number of traits, CLAK-Eig is expected to perform better (see also Table 1 , and Supplementary Methods).
The idea underlying CLAK-Chol is to linearly transform the input data to de-correlate the observations. To this end, the variancecovariance matrix M is formed explicitly, and its triangular Cholesky factor L is computed (LL T = M); through this factor, each SNP X and each trait y is then linearly transformed, giving raise to a sequence of Ordinary Least Squares problems of the form b := (X T X) -1 X T y . While such problems are solvable with standard techniques, CLAKChol takes advantage of the fact that the covariates are fixed for y). GWAS with multiple phenotypes requires the solution of m × t correlated Generalized Least-Squares (GLS) problems, originating a threedimensional object B of size m × t × p. Along the t direction, the variance-covariance matrix M and the phenotype y vary, while the design matrix X does not; conversely, in the m direction, M and y are fixed while X varies. Specifically, X can be viewed as consisting of two parts, X L and X R , where the former is constant across the entire grid and the latter changes along m. The figure also captures GWAS with single phenotype, in which case the dimension t reduces to 1. all SNPs, hence lowering the computational complexity. In singletrait analyses, it is also possible to exploit the fact that the matrix M is symmetric and positive definite. Although asymptotically the Cholesky factorization is equivalent to an eigen-decomposition, in practice it requires 10 times fewer operations. Moreover, instead of using the eigenvectors (a full matrix) to rotate the SNPs, the Cholesky factor (a triangular matrix) allows us to transform them at half the cost. For more details, see the work we have previously published 27 describing the CLAK-Chol algorithm.
The design of CLAK-Eig is based on three insights: 1) For a given study, the relationship matrix Φ is constant across both SNPs and traits; 2) since the variance-covariance matrix M is built by merely shifting and scaling relationship matrix, its eigenvectors are the same as those of Φ, and its eigenvalues are obtained by shifting and scaling those of Φ; 3) the inverse of M is easily expressed by inverting the diagonal matrix containing its eigenvalues (note that in our solutions we never explicitly invert matrices; we instead factor them, and operate with their factors). Together, these insights suggest that the eigen-decomposition of Φ can be computed once and for all, and most importantly, the eigenvectors of the relationship matrix can be used to rotate all the SNPs and traits only once. After the data is rotated, the computation of the mixed model based GWAS can be carried out by means of a grid of inexpensive Weighted Least Squares problems.
Once the initial eigen-decomposition of Φ is available, the complexity of CLAK-Eig is determined by three operations: the rotation of the SNPs, the rotation of the traits, and the solution of the Weighted Least Squares problems. The dominant term depends on the size of population (n), number of SNPs (m), and number of traits (t). When n > t (or n > m), the overall time complexity comes from the rotation of the SNPs (or the traits), and amounts to O(n 2 m) (or O(n 2 t)); if instead both t and m are larger than n, then the dominant term comes from the Least Squares problems, and is linear in population, SNPs and traits: O(nmt) ( Table 1 ). Note that the CLAK-Eig algorithm is a generalization of the eigen-decomposition based algorithms published before (e.g. 22, 28 ) for a case of multiple trait analysis.
Compared with current state-of-the-art algorithms 19, 21, 22 in multitrait analyses, CLAK-Eig achieves a lower computational complexity. As shown in Table 1 , there are two scenarios of interest, depending on whether the number of traits is larger than the population size or not. In the first case (t > n), which is probably the most typical for current and near-future omics studies, the time complexity of CLAK-Eig is linear on the number of markers, traits, and samples; by contrast, all the other methods have quadratic complexity with the sample size. In the second case (n > t), which takes place for smaller 'omics' and also will become more common with the increasing affordability of omics technologies and hence larger sample sizes, the cost of CLAK-Eig is determined by the sample size and the number of SNPs, and its complexity is a factor t lower than other methods.
For both CLAK-Eig and CLAK-Chol, the space complexity is mainly determined by the square of the sample size; also, a minimum of one trait, one SNP, and the p covariates must reside in memory. In total, our methods only require enough memory to accommodate n 2 +(2+p)n entries. If multiple SNPs and/or traits fit in main memory at once, -e.g., dozens or hundreds of them-the computational throughput of our methods improves noticeably. In this case, the space requirement becomes n 2 +(k+p)n, where k is the number of SNPs and traits resident in memory. As examples, for sample sizes of 10,000, 20,000 and 40,000, the n 2 space requirement translates to 1, 3, and 12 GBs, respectively. More details on space complexity are provided in Supplementary Note S1.
Results
Implementation and comparison
To demonstrate the practical advantages of CLAK-Eig and CLAKChol, we implemented these algorithms in the OmicABEL software package. In doing so, we tailored our implementations to save intermediate results across adjacent problems; we also re-organized the calculations to fully benefit from both the efficiency of highly optimized linear algebra kernels, and the parallelism offered by modern computing platforms.
Since the size of the datasets involved in GWAS is considerably larger than the memory capacity of current processors, input and output data can only be stored in disk devices. Aware that the penalty for accessing information residing on disk is enormous-several orders of magnitude greater than the cost for performing one arithmetic operation-it is imperative to handle these big-data efficiently. By means of asynchronous transfers between memory and disk, our algorithms achieve a perfect overlap of computation and data movement. As long as the relationship matrix fits in the main memory, and regardless of the size of the data sets-both in terms of SNPs and phenotypes-, the processor never idles waiting for a transfer to complete, thus computing at maximum efficiency.
We compared the GWAS run-time of CLAK-Chol and CLAK-Eig as implemented in OmicABEL with that of several well-established packages: EMMAX 19 , FaST-LMM 22 (two-step approximation), and GWFGLS (implementation of the mmscore method of ProbABEL 21 in the MixABEL-package 29 ). In the experiments, we considered Multi-trait analysis (n > t)
three different scenarios, varying one among sample size n, number of SNPs m, and number of traits t, while keeping the other two values constant ( Figure 3 ). A description of the experimental setup is provided in Supplementary Note S2 and Supplementary Note S3.
In the first scenario (single trait and m = 10,000,000 SNPs; the sample size varies from 1,000 to 40,000), all methods exhibit a quadratic behavior, and CLAK-Chol is the only algorithm that completed all tests within 25 hours (Figure 3(a) ). For the largest problem considered (sample size n = 40,000), the speed-up over the next-fastest software (FaST-LMM) is 8.3: 205 vs. 25 hours; when n = 1,000, the speed-ups over GWFGLS, FaST-LMM and EMMAX are 24, 32 and 68, respectively: 86, 112 and 240 vs. 3.5 minutes.
The second scenario (single trait and sample size of 10,000; the number of markers varies between 1 and 36 millions) shows a linear dependence on the number of genetic markers for all software packages. Again, CLAK-Chol attains the best timings, outperforming FaST-LMM, GWFGLS and EMMAX by a factor of 11.7, 93.6 and 298, respectively ( Figure 3(b) ), when the number of analysis SNPs is 36 millions.
Finally, the third scenario illustrates the analysis of multiple phenotypes (sample size of 1,000 and 1,000,000 genetic markers; number of traits varies between 1 and 100,000). The (estimated) time required for these analyses is presented in Figure 3 
Demonstration of application to real data
We applied the OmicABEL (CLAK-Eig) to study 107,144 metabolomic traits in a sample of 781 people from a genetically isolated population of the Vis island (Croatia). These data are part of the EUROSPAN data set reported in the works of 11, and 12. In short, the data comprise plasma levels of 23 sphingomyelins (SPM), 9 ceramides (CER), 56 phosphatidylcholines (PC), 15 lysophosphatidylcholines (LPC), 27 phosphatidylethanolamines (PE), and 19 PE-based plasmalogens (PLPE). From these data, additional traits were defined by aggregating species into groups with similar characteristics (e.g. unsaturated ceramides), and also by expressing data as molar percentages (instead of absolute concentrations) within classes. Following the standards accepted in genetic analysis of metabolomics data 30 , in this work, 328 such measurements served as a base to compute all pair-wise ratios, resulting in 107,584 traits, which were analyzed for association with 266,878 SNPs. More details about the data are provided in Supplementary Note S4.
Previously, it took several weeks to accomplish the original analysis of only few hundreds "original" traits. However, using our OmicABEL software and a computer with 40 cores, we were able to finish the analysis of more than 100,000 traits in only 8 hours. In (a), the number of SNPs is fixed to m = 10 7 and the sample size n ranges from 1,000 to 40,000. In panel (b), the sample size is fixed to n = 10,000 and the number of SNPs m ranges between 10 6 and 3.6 × 10 7 . In (c) and (d), n = 1,000, m = 10 6 and t ranges from 1 to 100,000. (d) Table S4 shows the results for five SNPs previously reported 11 to be significantly associated with levels of circulating sphingolipid concentrations. The best results obtained for these SNPs when using the original and derived traits are reported. The implicated traits were also analyzed by using other approaches: the full likelihood ratio test based LMM 18, 22 (as implemented in MixABEL::FMM), Grammar-γ 25 (as implemented in the GenABEL-package 29 ) , and the two-step approach [19] [20] [21] (as implemented in MixABEL::GWFGLS). From Table S4 one can see that our results are consistent with those obtained by other methods. Additionally, Table S3 summarizes the results concerning heritabilities of analyzed traits, while Table S5 lists the Genomic Control inflation factor λ obtained when analyzing the selected traits with different methods. More details of the analysis of this human metabolomics data set are provided in Supplementary Note S4.
Discussion
In contemporary human genomics, methods and tools face the additional challenge posed by the sheer size of the datasets. Big data are produced from the investigation of large human cohorts including hundreds of thousands of participants; these massive samples facilitate the identification of small effects and lead to important biological insights. Large data also come from the field of functional (gen)omics, which aims at establishing the functional roles of genetic variants; hence GWAS are increasingly applied not only to study complex traits in large cohorts, but also to understand the regulation of human and animal transcriptome 15, 31, 32 , metabolome [10] [11] [12] , glyco(protein)ome 6, 7 and other types of omics data. Results of these studies are used to uncover the link between these molecular phenotypes and high-level complex traits, including human diseases [14] [15] [16] .
In recent years, linear mixed model was accepted as a powerful tool for whole-genome analysis of genetic associations 17, 18 . Most current LMM-based methods for GWAS [19] [20] [21] [22] [23] [24] exhibit linear dependency of the compute time on the number of genetic polymorphisms and traits studied, but at least quadratic dependency on the sample size. A notable exception from the latter "at-least-quadratic" rule is the GRAMMAR-Gamma method 25 and a method based on low rank approximation of the similarity matrix 22 -with the latter exploiting the ideas similar to EIGENSTRAT approach 33 and the methods assuming the adjustment of the model for top Principal Components of the kinship matrix variation. However, the computational advantage of these methods comes at the cost of mathematical approximation. For example, the GRAMMAR-Gamma method, while extremely fast, and showing excellent results for human studies, is less suited for analyses of samples with uneven genetic structure; adjusting for top principle components (and EIGENSTRAT) is known to provide incomplete correction for stratification in case of complex kinship. Increasing sample sizes and availability of molecular omics phenotypes lead to "big data challenges" and the computational throughput of LMM's starts being more and more of an issue, which at present sometimes cannot be resolved without resorting to supercomputing facilities.
With this work, we address the problem of mixed-model based whole-genome analysis of genetic association for an arbitrary number of traits. We describe the CLAK-Chol and CLAK-Eig algorithms and software tools (OmicABEL package) to address LMM-based GWAS. Specifically, our CLAK-Chol will be useful for investigation of complex traits in very large (tens of thousands of individuals) samples, while CLAK-Eig will be a useful tool for the investigation of genetic control of different omics, potentially including hundreds of thousands or even millions of features.
As for our CLAK-Chol approach, we are not aware of similar, Cholesky-based solutions proposed before. The CLAK-Eig approach behind our solutions bear similarities, and actually reduces to previously suggested methods (e.g. 22, 28 ) when the number of traits is one. It is also worth mentioning the Matrix eQTL software 34 , which, while not implementing the LMM, in many respects exploits the problemspecific properties of multi-trait GWAS in the ways similar to ours.
The key achievement of this research is that it facilitates big-data LMM-based GWAS without supercomputers. For a sample problem with a population of 1,000, three covariates, one million SNPs and 100,000 traits, we estimate that the available methods would require the entire Sequoia supercomputer (equipped with 1.5 million cores) 1 for about 3 minutes; by contrast, using a common 40-core compute node (see Supplementary Methods, Note S2), our method completes within a day and reduces the energy consumption by a factor of 200 (estimated). It should be noted that this impressive speed-up comes at the price of additional assumption of complete data. For many types of omics assays assumption of absence of missing data could be (almost) true, and a small proportion of missing data could be imputed (in the simplest case -replaced with average value) with little negative effect onto statistical properties of the method. However, for the omics assays which produce large proportion of missing data, our CLAK-Eig method in its current formulation and implementation would be inapplicable, unless the missing values could be reliably imputed.
In case of single-trait analysis, our results are somewhat less impressive, and our CLAK-Chol solution outperforms advanced current methods (e.g. FaST-LMM) by about one order of magnitude for large-sample-size problems. It is worth mentioning that the latter speed-up becomes possible because we show that for singletrait GWAS problems our CLAK-Chol algorithm is superior to CLAK-Eig, but other current methods are actually implementing solutions similar to our CLAK-Eig algorithm to address the singletrait GWAS problem.
Further optimizations of our solutions are possible, for instance by exploiting the structure of the kinship matrix. A "compressed MLM" approach was proposed for decreasing the effective sample size of datasets by clustering individuals into groups 20 ; similarly, the fast decaying and possibly sparse structure of the kinship matrix can be exploited to lower the number of mathematical operations. Caution must be exercised in the interpretation of findings resulting from GWAS analyses as they may generate false positives if the multiple testing problem is not addressed adequately. A conservative strategy to determine whether an association is statistically significant would be to apply a Bonferronni correction, that is, in our example analysis of 107,144 traits, the conventional genome-wide significance threshold p-value of 5 · 10 -8 should be replaced by 4.7 · 10 -13 . This is the common approach applied in the metabolomics studies (see 10, 30 ). On the other hand, this threshold would probably be too conservative, given that many of the measurements may be highly correlated. Several methods have been introduced recently [35] [36] [37] , which may help to overcome this problem; however, this topic lays outside the scope of the current work.
For the analysis of specific omics data, our methods (and software) might require some modifications. For example, in the genetic regulation of human transcriptome, large attention is dedicated to ciseQTLs, computationally a relatively simple task. In contrast, our implementation is tailored to perform full GWAS for every trait analyzed. While OmicABEL could be used for the identification of trans-eQTLs, one should be aware of the specifics of the analysis of this type of data (e.g. allele-specific expression in RNAseq studies) and a body of methods developed (e.g. methods to account for influences of hidden factors 38, 39 ).
We foresee that the primary use of our algorithms and software is within the domain of analysis of complex traits in very large samples and for the genetic analysis of "omics" data. However, potentially, there are other uses. The same set of methods and tools can be used for scanning through other omics in e.g. search for biomarkers for a complex trait or in order to determine functional relations between different omics. For example, one may be interested in doing epigenome-wide scans relating the epigenome to a complex trait (or other omics, such as metabolome). Under this use, the genomic inputs would be replaced by epigenomic data. Advanced statistical and machine learning methods, such as penalized regression, can make use of joint analysis of up to several hundreds of thousands of predictors 40 . One of the common scenarios include the construction of millions of features, and their filtering for further joint analysis-a task which can be also effectively addressed by our methods. Finally, our algorithms can be easily extended, e.g. to search for interactions.
Conclusions
We demonstrated that different computational algorithms are optimal for the problems of single-and multi-trait Mixed-Model based GWAS, and implemented these algorithms in a freely available OmicABEL software.
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Supplementary Tables Table S2. Representative list of algorithms for solving a single generalized least-squares problem, as generated by the CLAK expert system. Table S3 . Regression analysis of heritability estimates in different traits classes. The label "Original" refers to the average heritability of the original traits (intercept of the model); similarly, "cer-cer" refers to the heritability of ratios involving CER, "cer-lpc" to the heritability of ratios involving CER and LPC, and so on. 
CLAK-Chol's for a single GLS problem CLAK-Eig's for a single GLS problem
where Y is the vector containing the phenotypes for n individuals, X is the design matrix, and β and R are the vectors of fixed and random effects, respectively. The partitioning X = [1|L|g] indicates that the design matrix is composed of three parts: 1 denotes a columnvector (corresponding to the intercept) containing ones, L is an n × p matrix corresponding to fixed covariates such as age and sex, and g typically consists of a single column-vector containing genotypes. The vector of random effect R is assumed to be distributed as a Multivariate Normal with mean zero and variance-covariance matrix
here, σ 2 is the total variance of the trait, h 2 (in the range [0, 1]) is the heritability coefficient, I is the identity matrix, and Φ is the matrix containing the relationship coefficients for all pairs of studied individuals. The relationship matrix Φ can be estimated from the pedigree or from the genomic data 18 .
In GWAS, the quantity of interest is the effect of the genotype, that is, the element(s) of β corresponding to g. Technically, a GWAS with mixed model consists of traversing all measured polymorphic sites in the genome, substituting the corresponding g into X, and fitting the above model; the result is millions of estimates of genetic effect together with their p-values. One of the most used mixed model-based approaches used in GWAS relies on a two-step analysis methodology [19] [20] [21] [22] 41 . In the first step, the reduced model (with X = [1|L]) is fit to the data, thus obtaining the estimates { 
and
where m is the number of genetic markers considered.
In this work, we consider an extended formulation of this problem to the case of multiple phenotypes, that is, Y is a collection of t vectors, with y j (j = 1, . . . , t) being a vector corresponding to a specific trait. In this case, trait-specific estimates Effectively solving the grids of Generalized Least-Squares problems As shown in Table 1 , the strength of the algorithms CLAK-Chol and CLAK-Eig becomes apparent in the context of 1D and 2D grids of GLS problems, corresponding to GWAS with single and multiple phenotypes, respectively. The straightforward approach, which is the only alternative provided by current general-purpose numerical libraries, lies in a loop that utilizes the best performing algorithm for a single least-square problem. No matter how optimized the GLS solver, such an approach is prohibitively expensive for either single or multiple phenotypes, due to the unmanageable complexity of O(mn 3 ) and O(tmn 3 ), respectively. By contrast, the versions of CLAK-Chol and CLAK-Eig shown in Table S1 are the product of a number of optimizations aimed at saving intermediate results across successive problems, thus avoiding redundant calculations. For instance, the matrix X is logically split as [X L |X R ], where X L includes the intercept and the covariates ([1|L]), while X R is the collection of all the genetic markers g i . Thanks to these savings, both algorithms achieve a lower overall complexity.
Unfortunately, the reduced complexity of algorithms CLAK-Chol and CLAK-Eig is not enough to guarantee high-performance implementations. It is well known that in terms of execution time, the difference between a straightforward translation of an algorithm into code and a carefully assembled routine is of at least one order of magnitude. In other words, the benefits inherent to our new algorithms might go unnoticed unless paired with state-of-the-art implementation techniques. In this following, we detail our strategy to attain high-performance routines.
Both CLAK-Chol and CLAK-Eig are entirely expressed in terms of standard linear algebra operations, such as matrix products and matrix factorizations, provided by the BLAS 42 and LAPACK 43 libraries. Since LAPACK itself is built in terms of BLAS kernels, these are the main responsible for the overall performance of an algorithm. BLAS consists of a relatively small set of highly optimized kernels, organized in three levels (1, 2, and 3), corresponding to vector, matrix-vector, and matrix-matrix operations, respectively.
A common misconception is that all the BLAS kernels, across the three levels, attain a comparable (and high) level of efficiency. Instead, it is only BLAS-3-when operating on large matricesthat fully exploits the processors' potential; as an example, the matrix-vector multiplication, matrix-matrix multiplication on small matrices, and matrix-matrix multiplication on large matrices attain an efficiency of ≈ 5%, ≈ 15%, and more than 95%, respectively. In this context, the linear systems X := L 
see Figure 1 for a visual description. For each i and j, Equation (2) represents a generalized least-square (GLS) problem. Singletrait and multiple-trait analyses correspond to the solution of m×1 (1-dimensional) and m×t (two-dimensional) grids of GLS problems, respectively.
Single-instance algorithms
We provide here an overview of a simplified version of CLAK-Chol and CLAK-Eig to solve a single GLS; the versions tailored for onedimensional and two-dimensional grids of GLS's are discussed in the Methods section and presented in Table S1 . In the following, we use b to indicate β ; in both our algorithms, the computation of CLAK-Chol. The approach for CLAK-Chol (Table S2, 
y, in which two triangular linear systems can be identified and solved-X := L : ( ) .
Moreover, since D is symmetric positive definite, Equation 3 can be rewritten as markers of all SNPs (Line 3 of the left Algorithm in Table S1 ). An analogous comment is valid for CLAK-Eig (see the multiplications at Lines 3 and 4 of the right Algorithm in Table S1 ), in which the number of markers accessed at once is a user-configurable input parameter.
Since all the current computing platforms include multicore processors, we briefly discuss how to take advantage of this architecture. An effective practice is to invoke a multi-threaded version of the BLAS library. Both in CLAK-Chol and CLAK-Eig (Table S1) we rely on such a solution for the sections leading up to the outer loop (Lines 1-7 and 1-4, respectively). In the remainder of the algorithms (Lines 8-11 and 5-16), due to the lack of matrix-matrix operations, we instead apply a thread-based parallelization in conjunction with single-threaded BLAS. This mixed use of multithreading becomes more and more effective as the number of available computing cores increases.
Time complexity
Prior to solving a grid of GLS, the heritability (h 2 ) and the total variance (σ 2 ) have to be estimated. For this first step, our algorithms use an approach similar to Software packages such as GenABEL 29 , EMMAX, and FaST-LMM: First, the eigen-decomposition of the kinship matrix is performed, for a computational cost of O(n 3 ). Then, the model parameters are estimated using an iterative procedure based on the Maximum Likelihood (GenABEL, FaST-LMM) or Restricted Maximum Likelihood (EMMAX, CLAK-Chol, CLAK-Eig) methods, for a cost of O(tvnp 2 ), where v is the average number of iterations required to reach convergence. In total, the parameter estimation has a complexity of O(n 3 + tvnp 2 ) operations.
In the second step, a 1D or 2D grid of GLS is solved, corresponding to single and multiple phenotype analysis. For 1D grids, all the considered methods share the same asymptotic time complexity, but the constant factor for CLAK-Chol is the lowest, yielding a speedup factor of at least 6. In 2D grids, EMMAX, FaST-LMM and GenABEL simply tackle each individual trait independently, one after another, for a total complexity of O(tmpn 2 ). By exploiting the common structure of the variance-covariance matrix of different phenotypes, CLAK-Eig reduces the complexity by a factor of n, down to O(tmpn). As a result, our algorithm outperforms the other methods by factors higher than 1,000.
Space requirement CLAK-Chol. To form and factor the variance matrix, the algorithm uses n 2 memory (Lines 1-2 in the left Algorithm of Table S1 ). The overall space requirement is determined by the triangular solve (Line 4), which necessitates the full L and a portion of X to reside in memory at the same time. This operation is performed in a streaming fashion-operating on k SNPs at the time-and overwriting X. All the other instructions do not require any extra space. In total, CLAK-Chol uses about n 2 + kn memory.
CLAK-Eig.
The initial eigen-decomposition (Line 1 in the right Algorithm of Table S1 ) needs 2n 2 memory. The following matrixmatrix multiplications (Lines 2, 3 and 8) overwrite the input matrices and again are performed in a streaming fashion; in terms of space, the analysis is similar to that for the triangular solve in CLAKChol. The remaining instructions do not affect the overall memory usage. In total, the space requirement is 2n 2 + kn.
If memory is a limiting factor, one can set k to 1 in either algorithm, possibly at the cost of exposed data movement. Moreover, by using a different (slower) eigensolver, the eigenvectors Z can overwrite the input matrix Φ, effectively saving n 2 memory. These considerations indicate that our algorithms are capable of solving GWAS of any size, as long as the kinship matrix, one SNP, and one trait fit in RAM.
Supplementary Note S2 Computing environment
All the computing tests were run on a symmetric multiprocessor system consisting of four Intel Xeon E7-4850 10-core processors, operating at a frequency of 2.00 GHz. The system is equipped with 256GB of RAM and 4TB of disk as secondary memory 2 . The routines were compiled with the GNU C Compiler (gcc v4.4.5) and linked to Intel's MKL multi-threaded library (v12.1). For doublebuffering, our out-of-core routines make use of the AIO library, one of the standard libraries on UNIX systems. The available multi-core parallelism is exploited through MKL's multi-threaded BLAS and OpenMP's pragma directives.
Supplementary Note S3
Simulated data
A data set for GWAS can be characterized by the number of individuals in the sample (n), the number of measured and/or imputed SNPs (m) to be tested, the number of outcomes to be analyzed (t), and the number of covariates (p) to be included in the model. In current GWAS, a typical scenario consists of a few covariates (for example, two, such as sex and age), 10 5 -10 7 SNPs, and thousands or tens of thousands individuals. In our experiments, we assumed that the number of covariates is two (p=2), and we varied the three other characteristics (n, m, t) of the data set, leading to these three scenarios.
(A) The number of SNPs was fixed to m = 10,000,000 and one single outcome (t = 1) was studied. As sample size, we used 1,000, 5,000, 10,000, 20,000, and 40,000. The latter test represents a scenario with large number of individuals.
(B) The number of individuals was fixed to n = 10,000 and one single outcome (t = 1) was studied. The number of markers m to be analyzed was set to 1,000,000, 10,000,000, and 36,000,000. The latter test is a scenario that represents a whole genome re-sequencing.
(C) The number of individuals and markers were fixed to n = 1,000 and m = 1,000,000, respectively. The number of outcomes t studied varied (1, 10, 100, 1,000, 10,000, and 100,000), corresponding to an Omics analysis.
For testing purposes, we generated artificial data sets which met pre-specified values of t, m, p, and n.
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prohibitive up to now. In addition to detailing an application of considerable practical utility, the article is also clearly written and mathematically rigorous.
I have read this submission. I believe that I have an appropriate level of expertise to confirm that it is of an acceptable scientific standard.
No competing interests were disclosed. Competing Interests: 29 The manuscript shows a computational approach that enABELs the use of linear mixed mixed models for large pedigrees, large numbers of markers and large numbers of (omics) traits.
While the work is interesting, several things need to be clarified before the work can be of interest to the wider community.
I assume that the manuscript is aimed at the potential users: researchers in genetics with an interest to analyze their 'big data' in a correct fashion and in a repeatable fashion. The manuscript is compact but possibly too compact in places. I would like the following points to be addressed:
Accuracy of estimates and comparison of results. The authors make a big deal about comparing the approaches in terms of computing time. They should also be compared systematically in terms of type I error, accuracy of estimates etc. The computational approximations that are made must come at some cost and as researchers we need to know this cost. There are some token comparisons in the supplementary tables but these deal with heritability and P values. Not with the actual SNP effects which are what we want from these analyses. Some scatter plots between different methods may be helpful.
We need more detail about the simulations. You simulate different population sizes but you must clarify the family structures and the family complexity. How many generations? All family sizes equal? etc. Also how you simulate marker data in terms of historical population size, lD structure etc. Likewise for correlation structure among the multiple traits.
In many places, variables are used before they are defined. p appears in Table 1 but is only clarified later in the text. The tables are currently not readable on their own and the acronyms and variables should be explained within the tables.
In general, the mathematical notation as well as the language in general needs a bit of work. Some sentences are too long with too many clauses, for example CLAK is not defined at first use. X and y are linearly transformed: should you not introduce new variables for the transformed data?
Some parts of result should be in the Materials and Methods. Figure 3C could have a logarithmic Y-axis. Figure 3D could omit line for CLAK-Eig and CLAK-Chol is unlabeled.
The abbreviation in Table S3 cer-cer lpc, pls spm pc pe etc. makes no sense to me. They are
